We calculate the two-photon 1S-2S spectrum of an atomic hydrogen Bose-Einstein condensate in the regime where the cold collision frequency shift dominates the line shape. Wentzel-Kramers-Brillouin and static phase approximations are made to find the intensities for transitions from the condensate to motional eigenstates for 2S atoms. The excited-state wave functions are found using a mean field potential, which includes the effects of collisions with condensate atoms. Results agree well with experimental data. This formalism can be used to find condensate spectra for a wide range of excitation schemes.
I. INTRODUCTION
In the recent experimental observation of Bose-Einstein condensation ͑BEC͒ in atomic hydrogen ͓1͔, the cold collision frequency shift in the 1S-2S photoexcitation spectrum ͓2͔ signaled the presence of a condensate. The shift arises because electronic energy levels are perturbed due to interactions, or collisions, with neighboring atoms. In the cold collision regime, the temperature is low enough that the s-wave scattering length, a, is much less than the thermal de Broglie wavelength, T ϭͱh 2 /2mk B T, and only s waves are involved in the collisions ͓3͔.
The cold collision frequency shift has also been studied in the hyperfine spectrum of hydrogen in cryogenic masers ͓4͔, and cesium ͓5-7͔ and rubidium ͓8͔ in atomic fountains. Theoretical explanations of these results and other work on the hydrogen 1S-2S spectrum ͓9,10͔ have focused on the magnitude of the shift, as opposed to a line shape. In this article we present a calculation of the hydrogen BEC 1S-2S spectrum. We also describe how the formalism can be used for other atomic systems and experimental conditions.
A. The experiment
The experiment is described in Refs. ͓1͔ and ͓2͔, and we summarize the important aspects here. Hydrogen atoms in the 1S, Fϭ1, m F ϭ1 state are confined in a magnetic trap and evaporatively cooled. The hydrogen condensate is observed in the temperature range 30-70 K and the condensate fraction never exceeds a few percent. Nevertheless, the peak density in the normal cloud is almost two orders of magnitude lower than in the condensate and in this study we will neglect the presence of the noncondensed gas.
The two-photon transition to the metastable 2S, Fϭ1, m F ϭ1 state (ϭ122 ms͒ is driven by a 243 nm laser beam which passes through the sample and is retroreflected. In this configuration, an atom can absorb one photon from each direction. This results in Doppler-free excitation for which there is no momentum transferred to the atom and no Doppler-broadening of the resonance. An atom can also absorb two copropagating photons and receive a momentum kick. This is Doppler-sensitive excitation, and the spectrum in this case is recoil shifted and Doppler broadened. The photoexcitation rate is monitored by counting 122 nm fluorescence photons from the excited state. For a typical laser pulse of 500 s, fewer than 1 in 10 4 of the atoms are promoted to the 2S state. 2S atoms experience the same trapping potential as 1S atoms because the magnetic moment is the same for both states, neglecting small relativistic corrections.
The natural linewidth of the 1S-2S transition is 1.3 Hz, but the experimental width, at low density and temperature, is limited by the laser coherence time. The narrowest observed spectra, obtained when studying a noncondensed gas, have widths of a few kHz ͓11͔. For the condensate, the cold collision frequency shift is as much as one MHz and it dominates the line shape.
B. Mean field description of the spectrum
The frequency shift in maser and fountain experiments has traditionally been described using the quantum Boltzmann equation ͓4,5,8͔. In this picture, the frequency shift is the net result of the small collisional phase shifts arising from forward scattering events in the gas. A mean field description, however, is more convenient for studying an inhomogeneous Bose-Einstein condensate. We will derive this picture in detail, but we summarize the results here. Collisions add a mean field energy to the atom's potential energy. For a 2S atom excited out of a condensate the mean field term is ␦E 2S (r)ϭ4ប 2 a 1SϪ2S n 1S (r)/m. For a 1S condensate atom the mean field term is ␦E 1S (r) ϭ4ប 2 a 1SϪ1S n 1S (r)/m. ͑The fraction of excited 2S atoms is small, so 2S-2S interactions can be neglected.͒ The ground state s-wave triplet scattering length has been calculated accurately ͓a 1S-1S ϭ0.0648 nm ͑Ref. ͓12͔͔͒. The 1S-2S scattering length, however, is less well known (a 1S-2S ϭϪ1.4Ϯ0.3 nm from experiment ͓2͔ and Ϫ2.3 nm from theory ͓13͔͒.
We denote the sum of the magnetic trap potential V(r) and the mean field energy ␦E x (r) as the effective potential,
Here, x is either 1S or 2S. For 1S conden-sate atoms, the effective potential in the condensate is flat. Because a 1S-2S Ͻ0 and the condensate density is large, 2S atoms experience a stiff attractive potential in the condensate which supports many bound 2S motional states. The 1S-2S spectrum consists of transitions from the condensate to 2S motional eigenstates of the effective 2S potential. For Doppler-free excitation, the final states are bound in the BEC well. Doppler-sensitive excitation populates states that lie about ប 2 k 0 2 /2mk b ϭ643 K above the bottom of the 2S potential, where បk 0 is the momentum carried by two laser photons. The latter states extend over a region much greater than the condensate. Because the excited levels are so different for Doppler-free and Doppler-sensitive excitation, we must treat the two spectra independently.
The rest of this article presents a derivation of the effective potentials and a quantum mechanical calculation of the BEC 1S-2S spectrum.
II. 1S-2S PHOTOEXCITATION SPECTRUM OF A HYDROGEN BOSE-EINSTEIN CONDENSATE

A. Hamiltonian
We start with the many-body Hamiltonian for a system with N atoms,
where p j , r j , and H j int are the momentum operator, position operator, and internal state Hamiltonian, respectively for particle j. V(r) is the magnetic trapping potential, which is the same for 1S and 2S atoms.
H las is the atom-laser interaction. After making the rotating wave approximation, it can be written
where is the frequency of the laser field (2hϷE 2S ϪE 1S ϵE 1S-2S on resonance͒. The laser beam is uniform over the condensate, so we treat the excitation as a standing wave consisting of two counterpropagating plane waves. The effective 2-photon Rabi frequency for Doppler-free excitation ͓14͔,
is uniform in space. Here, I is the laser intensity in each direction, M 2S,1S ϭ11.78 ͑Ref. ͓15͔͒ is a unitless constant, c is the speed of light in vacuum, ␣ is the fine structure constant, and R ϱ is the Rydberg constant. For Doppler-sensitive excitation,
where ⍀ DS ϭ⍀ DF /2. H coll describes the effects of two-body elastic collisions. In the cold collision regime, the interaction can be represented by a shape-independent pseudopotential ͓16͔ corresponding to a phase shift per collision of ka, where បk is the momentum of each of the colliding particles in the center of mass frame,
The sum is over N(NϪ1)/2 distinct pairwise interaction terms. The 1S-2S interaction projection operator is written in terms of
because the doubly spin polarized atoms collide on the e 3 ⌺ u ϩ potential during s-wave collisions ͓13͔. As mentioned above, the 2S-2S scattering term is negligible for the hydrogen experiment, but it is included here for completeness. Inelastic collisions, such as collisions in which the hyperfine level of one or both of the colliding partners changes, FIG. 1. Effective potentials for 1S atoms in the condensate and excited 2S atoms. Selected single-particle wave functions are displayed at the height corresponding to their energy. The dashed lines are the magnetic trapping potential V(r), which is identical for 1S and 2S atoms. The thin solid lines are the effective potentials, which include the mean field interaction energy. The vertical lines indicate allowed Doppler-free transitions from the condensate, which must preserve mirror symmetry. The potentials and condensate wave function are for a peak condensate density of 5 ϫ10 15 cm Ϫ3 and a magnetic trap oscillation frequency of 4 kHz, which are characteristic conditions for a hydrogen BEC and a strong confinement axis of the trap ͑Refs. ͓1͔ and ͓2͔͒. The scattering lengths used in the calculations are a 1SϪ1S ϭ0.0648 nm and a 1SϪ2S ϭϪ1.4 nm, and the chemical potential is /k B Ϸ2 K. The 2S levels form a near continuum of motional states in an anisotropic three dimensional trap. will contribute additional shifts, which are not included in this formalism, but these effects are expected to be small in the experiment ͓2͔.
B. System before laser excitation
We make the approximation that the system is at Tϭ0, and all atoms are initially in the condensate. Tϭ0 models have accurately described many condensate properties ͓17͔, and we leave finite temperature effects for future study. The state vector can be written ͑7͒
where ͉1S,0͘ refers to the single particle electronic and motional state of an atom in a 1S condensate with N atoms. We use the ket notation (͉a;b; . . . ;c͘), in which the entry in the first slot is the state of atom 1, the second entry is the state of atom 2, etc.
Minimization of ͗⌿ 0 ͉H͉⌿ 0 ͘ leads to the GrossPitaevskii, or nonlinear Schrödinger equation ͓18,19͔ for the single particle BEC wave function, (r)ϭ͗r͉0͘,
The effective potential is V 1S e f f (r)ϭV(r)ϩŨ n(r), where Ũ ϭ4ប 2 a 1S-1S /m. Here, n(r)ϭN͉(r)͉ 2 is the density distribution in the N-particle condensate. One can interpret ͉(r i )͉ 2 as the probability of finding condensate particle i at position r i . The kinetic energy is small and can be neglected. This yields the Thomas-Fermi wave function ͓20͔,
where n(0) is the peak density. The density profile is the inverted image of the trapping potential. The chemical potential is (N)ϭŨ n(0), and it is equal to V 1S e f f inside the condensate. The energy of the system before laser excitation is the minimum of ͗⌿ 0 ͉H͉⌿ 0 ͘. It satisfies (N)ϭ‫ץ‬E 0 /‫ץ‬N and is given by
From now on, when writing we will drop the explicit dependence on N. For a cylindrically symmetric harmonic trap, it can be shown that n(0)
/8, where w r and w z are the angular frequencies for radial and axial oscillations in the trap.
C. System after laser excitation
To describe the system after laser excitation we must find the orthonormal basis of 2S motional wave functions and their energies. This is done by minimizing ͗⌽ q,i ͉H͉⌽ q,i ͘, where ͑11͒ is a state with q 2S atoms in 2S motional level i. The operator Ŝ symmetrizes with respect to particle label. We will show below that the state vector of the system after laser excitation is actually expressed as a superposition of such terms, but for now we need only consider a single ͉⌽ q,i ͘.
Calculating ͗⌽ q,i ͉H͉⌽ q,i ͘ involves a somewhat lengthy calculation. Details are given in appendix A and the result is
E 0 Ј is the energy of a pure 1S condensate with NϪq atoms ͓see Eqs. ͑10͒ and ͑A5͔͒, i ϭ͗i͉͓ p 2 /2mϩV 2S e f f (r)͔͉i͘, and the effective potential for the 2S atoms is
The density of 1S atoms remaining is n NϪq (r)ϭ(N Ϫq)͉(r)͉ 2 . Finding the 2S motional states which minimize ͗⌽ q,i ͉H͉⌽ q,i ͘, with the requirement that they form an orthonormal basis, is equivalent to finding the eigenstates of the effective 2S Hamiltonian
and the eigenvalue for state i is i . The effective Hamiltonian ͓Eq. ͑14͔͒ is consistent with the two-component Hartree-Fock equations used to calculate the single-particle wave functions for double condensates ͓21͔. The effective potential and some 2S motional states are depicted in Fig. 1 .
If we denote the minimum of ͗⌽ q,i ͉H͉⌽ q,i ͘ as E q,i , using Eqs. ͑10͒ and ͑12͒, the energy supplied by two photons to drive the transition to state i, for qӶN, is
We have used (E 0 ϪE 0 Ј)/qϷ‫ץ‬E 0 /‫ץ‬Nϭ for small q. Note that i Ͻ0 for states bound in the BEC interaction well. Since many 2S motional levels may be excited, there will be a distribution of excitation energies in the spectrum. When condensate atoms are coherently excited to an isolated level ͉i͘ by a laser pulse of duration t, the singleparticle wave functions evolve according to ͓22͔ ͉1S,0͘⇒cos ͉1S,0͘ϩsin ͉2S,i͘, ͑16͒
The detuning from resonance is ␦. In Eq. ͑16͒, we assume the excitation is weak enough to neglect the change in the single-particle wave function for atoms in the condensate ͓23,24͔. Depending upon which excitation scheme is being described, ⍀(r) is either ⍀ DF (r) or ⍀ DS (r). The state vector for the system after excitation can be written
͑18͒
where the label ͗q͘ϭN sin 2 is the expectation value of the number of 2S atoms excited. Although q is not a good quantum number for ͉⌿ ͗q͘,i ͘, the spread in q, given by a binomial distribution, is strongly peaked around ͗q͘.
For short excitation times, the population in state i grows coherently as t 2 . For the hydrogen experiment, however, although the excitation is weak and ͉͗i͉⍀(r)͉0͉͘tӶ1, t is longer than the coherence time of the laser (ϳ200 s). This implies that the number of atoms excited to level i must be expressed in a form reminiscent of Fermi's Golden Rule. Equation ͑17͒ can be rewritten in terms of a delta function using the relation sin 2 (xt)/x 2 t→␦(x) as t→ϱ. ͑One can neglect ͉͗i͉⍀(r)͉0͉͘ compared to ␦ because ͉͗i͉⍀(r)͉0͉͘ is small compared to the spread in frequency of the laser excitation.͒ Then
͑19͒
It is understood that Eq. ͑19͒ is to be convolved with the laser spectrum or a density of states function. The total 2S excitation rate is
Equation ͑20͒ defines the overlap factors, F i ϭ͉͗i͉⍀(r)/⍀͉0͉͘ 2 , which are analogous to Franck-Condon factors in molecular spectroscopy. An expression equivalent to Eq. ͑20͒, the strength distribution function or dynamic form factor, is commonly used to describe collective excitations of many body systems ͓17͔.
The BEC spectrum now appears as N times the spectrum of a single particle in ͉0͘ excited to eigenstates of the effective 2S potential. The broadening in the 1S-2S BEC spectrum is homogeneous because it results from a spread in the energy of possible excited states, not from a spread in the energy of initially occupied states.
The central results of this calculation are the effective 2S potential ͓Eq. ͑13͔͒ and the Fermi's Golden Rule expression for the excitation rate ͓Eq. ͑20͔͒. Using this formalism we can now calculate the observed spectrum for Doppler-free and Doppler-sensitive excitation.
D. Doppler-free 1S-2S spectrum
Doppler-free excitation populates states which are bound inside the BEC potential well ͑see Fig. 1͒ . For a condensate in a harmonic trap, these states are approximately eigenstates of a three-dimensional harmonic oscillator with trap frequencies larger than those of the magnetic trap alone by a factor of ͱ1Ϫa 1S-2S /a 1S-1S Ϸ5 ͓see Eqs. ͑9͒ and ͑13͔͒. Because we know the wave functions, we can numerically evaluate Eq. ͑20͒. The result of such a calculation is shown in Fig. 2 .
At large red detuning ͓2h ␦Ϸ4ប 2 a 1S-2S n(0)/mϪ͔ transitions are to the lowest state in the BEC interaction well.
The spectrum does not extend to the blue of 2h ␦ϭ0 because states outside the well have negligible overlap with the condensate and are inaccessible by laser excitation. In the overlap integrals in Fig. 2 , wave functions for an infinite harmonic trap were used for the 2S motional states. These deviate from the actual motional states near the top of the BEC interaction well, introducing small errors in the stick spectrum nearer zero detuning.
The envelope of the spectrum in Fig. 2 can be derived analytically and reveals some interesting physics. The 2S single-particle wave functions ͗r͉i͘ oscillate rapidly. Thus the transition intensity to state i, governed by the overlap factor F DF i ϭ͉͗i͉0͉͘ 2 , is most sensitive to the value of (r) ϭ͗r͉0͘ϭͱn(r)/N at the state's classical turning points. At a given laser frequency, the excitation is resonant with all states with motional energy ϭ2hϪE 1S-2S . This suggests the excitation rate is proportional to the integral of the condensate density in a shell at the equipotential surface defined by the classical turning points of 2S states with motional energy .
For a spherically symmetric trap, we can formally show this by making Wentzel-Kramers-Brillouin ͑WKB͒ and static phase approximations ͓25,26͔-a technique that has recently been applied to describe s-wave collision photoassociation spectra ͓27͔ and quasiparticle excitation in a condensate ͓28͔. One uses a WKB expression for the 2S eigenstate. Then, because of the slow spatial variation of the condensate wave function, the Doppler-free overlap factor only depends on the condensate wave function and the 1S and 2S potentials where the phase of the upper state is stationary. This yields
where R i is the Condon point, or the radius where the local wave vector of the excited state ͕k 2S ϭͱ2m͓ i ϪV 2S e f f (r)͔/ប 2 ͖ vanishes. R i is equivalent to the classical turning point for state i, and is defined through
Also, in the limit that we can neglect the slow spatial variation of the BEC wave function,
is the slope of the effective 2S potential at the Condon point.
Using Eq. ͑21͒, the Fermi's Golden Rule expression for the spectrum ͓Eq. ͑20͔͒ becomes
The Doppler-free excitation field and the BEC wave function are spherically symmetric, so only 2S motional states with zero angular momentum are excited. This implies that in the limit of closely spaced levels, ⌺ i →͐d in Eq. ͑23͒. Using Eq. ͑22͒ we can change variables: ͐dϭ͐dR VЈ 2S e f f (R) and
where ␦aϭa 1S-2S Ϫa 1S-1S . This yields
Using the probabilistic interpretation of ͉(r i )͉ 2 ͑Sec. II B͒, one can interpret Eq. ͑24͒ in the following way. When a 2S excitation is detected at a given frequency, it records the fact that a 1S atom was found at a position that had a 1S density, which brought that atom into resonance with the laser. The rate of excitation is proportional to the probability of finding a condensate atom in a region with the correct density. This is a local density description of the spectrum, and it is justified by the slow spatial variation of the condensate wave function.
For a Thomas-Fermi wave function in a threedimensional harmonic trap, Eq. ͑24͒ reduces to
for 2h ␦ max Ͻ2hϪE 1S-2S Ͻ0, and otherwise S DF (2h) ϭ0. Here, 2h ␦ max ϭ4ប 2 ␦a n(0)/m. Figure 2 shows that for a spherically symmetric trap, Eq. ͑25͒ agrees with the spectrum calculated directly with Fermi's Golden Rule ͓Eq. ͑20͔͒ using simple harmonic oscillator wave functions. For a trap that has a weak confinement axis, such as described in Refs. ͓1͔ and ͓2͔, discrete transitions in the spectrum are too closely spaced to be resolved. The envelope given by Eq. ͑25͒, however, shows no dependence on the trap frequencies or the symmetry ͑or lack thereof͒ of the harmonic trap.
Theory and experimental data are compared in Fig. 3 . Although the statistical error bars for the data are large due to the small number of counted photons, the theoretical BEC FIG. 2. Calculated Doppler-free spectrum of a condensate at T ϭ0 in a three-dimensional harmonic trap. Zero detuning is the unperturbed Doppler-free transition frequency. The stick spectrum results from the sum over the transition amplitudes expressed in Eq. ͑20͒ using the Thomas-Fermi density distribution for a peak condensate density of 10 16 cm Ϫ3 ͓4ប 2 (a 1S-2S Ϫa 1S-1S )n(0)/mϷ2h ϫϪ0.95 MHz͔. The trap is spherically symmetric with trap ϭ2ϫ6 kHz. The stick heights represent the coefficients of delta functions which must be convolved with the laser spectrum of about 1 kHz full width at half maximum. The dashed curve ͓Eq. ͑25͔͒ follows from the integral over the BEC density distribution, Eq. ͑24͒, for the same peak condensate density. The envelope is independent of the symmetry of the trap, but the stick spectrum blends into a continuum in a trap with one weak confinement axis such as in the experiment described in Refs. ͓1͔ and ͓2͔. Resolution of the individual transitions would require a stiff, near spherically symmetric trap, very stable experimental conditions, and high signal/ noise. It does not seem feasible with the hydrogen experiment in the near future. A HYDROGEN BOSE-EINSTEIN spectrum for a condensate at Tϭ0 fits the data reasonably well. The deviations may indicate nonzero temperature effects or reflect experimental noise. The smoothing of the cutoff at large detuning may be due to shot to shot variation in the peak condensate density for the 10 atom-trapping cycles which contribute to this composite spectrum. Also, at low detuning the BEC spectrum is affected by the wing of the Doppler-free line for the noncondensed atoms. Using this theory, from the peak shift in the spectrum, the trap oscillation frequencies, and knowledge of a 1S-1S and a 1S-2S , one can calculate the number of atoms in the condensate. Assuming the experimental value of a 1S-2S , the result is larger than the number determined from a model of the BEC lifetime and loss rates, which is discussed in Ref.
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͓29͔. The uncertainties are large for these results, but the disagreement could be due to error in the experimental value of a 1S-2S , uncertainty in the gas temperature or trap and laser parameters, or thermodynamic conditions in the trapped gas which are different than assumed by the theories. For example, we have implicitly assumed local spatial coherence ͓g (2) (0)ϭ1͔ ͓30͔ in our form of the BEC wave function ͓Eq. ͑7͔͒. It has not yet been experimentally verified that the hydrogen condensate is coherent.
E. Doppler-sensitive 1S-2S spectrum
In contrast to the Doppler-free excitation spectrum, the Doppler-sensitive spectrum in principle reflects the finite momentum spread in the condensate as well as the mean field effects. The relevant momentum spread is given by the uncertainty principle and is ϳប/␦z where ␦zϷ5 mm is the length of the condensate along the laser propagation axis. However, in the hydrogen experiment the cold collision frequency shift (ϳ1 MHz͒ dominates over the Dopplerbroadening in the spectrum (បk 0 /2m␦zϷ100 Hz͒. We can thus neglect Doppler-broadening, which is equivalent to neglecting the spatial variation of the BEC wave function in any transition-matrix elements. In this regime it is possible to modify the derivation of the WKB and static phase approximations ͓25-28͔ to calculate the Doppler-sensitive spectrum.
We rewrite the Doppler-sensitive Rabi frequency ͓Eq. ͑4͔͒ as
where j l (k 0 r) is the spherical Bessel function of order l, and Y l m (,) is a spherical harmonic. This shows that the Doppler-sensitive laser Hamiltonian can excite atoms to 2S motional states with any even value of angular momentum, but with mϭ0.
Transitions are to levels with motional energy ϳប 2 k 0 2 /2m above the bottom of the 2S potential, so we label levels by ⌬, their energy deviation from this value. For simplicity, we consider a spherically symmetric trap. This allows us to write a general expression for the 2S wave functions ⌬,l ϭY l mϭ0 (,)u ⌬,l (r)/r where u ⌬,l (r)/r satisfies
͑27͒
Using Eq. ͑20͒, the spectrum is
Using Eq. ͑26͒, the overlap integral we must evaluate is
for l even, and 0 otherwise. Because ͱn(r) varies slowly, one can find an approximate expression for this matrix element. Appendix B gives the details of this derivation and uses the result to reformulate Eq. ͑28͒ as
Ϫ⌬ϩ ͪ . ͑30͒   FIG. 3 . Doppler-free spectrum of a condensate: comparison of theory and experiment ͑from Ref. ͓1͔͒. The narrow feature near zero detuning is the spectral contribution from the noncondensed atoms ͑shown ϫ1/40). The broad feature is the spectrum of the condensate. The dashed curve is Eq. ͑25͒, which comes from the integral over the BEC density distribution ͓Eq. ͑24͔͒ assuming a ThomasFermi density distribution for a harmonic trap.
The matrix element ͓Eq. ͑29͔͒ gets its main contribution at R ⌬ where the classical wave vector of the WKB approximation for u ⌬,l equals the classical wave vector of the WKB approximation for j l . In effect, R ⌬ is the point where the spatial period of the wave function matches the wavelength of the laser field, 2/k 0 ͑see Fig. 4͒ . This leads to a defini-
which is identical to Eq. ͑22͒, the definition of the Condon point from the calculation of the Doppler-free spectrum. Because the transition is localized in this way, the matrix element ͓Eq. ͑29͔͒ is proportional to ͱn(R ⌬ ), as is evident in Eq. ͑30͒. Using Eq. ͑31͒, we can replace the sum in Eq. ͑30͒ with an integral and change variables,
e f f (R). This yields the Doppler-sensitive line shape
͑32͒
The Doppler-sensitive condensate spectrum has the same shape as the Doppler-free spectrum, but it is shifted to the blue by photon momentum-recoil. Because ⍀ DS ϭ⍀ DF /2, the Doppler-sensitive spectrum is half as intense as the Doppler-free.
In Ref. ͓29͔, experimental data are compared with Eq. ͑32͒, and the agreement is good.
III. OTHER APPLICATIONS OF THE FORMALISM
A. Other atomic systems and excitation schemes
We have specifically considered 1S-2S spectroscopy of hydrogen, but the formalism is more general. For instance, if the ground-excited state interaction were repulsive, this would simply modify the effective 2S potential ͓Eq. ͑13͔͒ and the form of the motional states excited by the laser would change. Equations ͑24͒ and ͑32͒ would still be accurate for two-photon excitation to a different electronic state when the mean field interaction dominates the spectrum.
In the recently observed rf hyperfine spectrum of a rubidium condensate ͓31͔, the line shape is determined by mean field energy and the different magnetic potentials felt by atoms in the initial and final states. The theory presented here can be modified to describe this situation as well.
For Bragg diffraction or spectroscopy as performed in Refs. ͓32͔ and ͓33͔, atoms remain in the same internal state after excitation. Particle exchange symmetry of the wave function modifies the mean field interaction energy of the excited atoms with the atoms remaining in the condensate. In terms of the hydrogen levels, 1S, Fϭ1, m f ϭ1 atoms not in the condensate experience a potential of 8ប 2 a 1S-1S n 1S (r)/m. This is to be compared with the mean field potential of 4ប 2 a 1S-2S n 1S (r)/m experienced by 2S particles excited out of the condensate and 4ប 2 a 1S-1S n 1S (r)/m experienced by 1S atoms in the condensate. In Appendix A, the point in the derivation where the difference arises is indicated.
B. Doppler broadening in the Doppler-sensitive spectrum
To derive the Doppler-sensitive 1S-2S spectrum, we neglected the variation of the condensate wave function, which is equivalent to neglecting the atomic momentum spread. This is well justified for the hydrogen experiment. The effect of small but non-negligible momentum is discussed at the end of Appendix B. Now, we briefly describe the Dopplersensitive line shape when Doppler-broadening is dominant. The line shape turns out to be similar to that which was seen with Bragg spectroscopy of a Na condensate ͓33͔.
When the mean field potential can be neglected, the 2S motional wave functions are approximately those of the simple harmonic oscillator potential produced by the magnetic trap alone. Because the spatial extent for these motional states is large compared to ␦z, in the region of the condensate the wave functions can be represented as plane wave momentum eigenstates ͉p͘ ͓34͔. The spectrum becomes
Effective potentials, wave functions and the laser field for Doppler-sensitive excitation of condensate atoms. The spatial period of the 2S wave function, the laser wavelength, and the vertical axes for the potentials are not to scale. The vertical axes for the wave functions and laser field are arbitrary. In the overlap integral for the transition matrix element ͓Eq. ͑29͔͒, the only nonzero contribution comes from the region where the spatial period of the 2S wave function matches the wavelength of the laser field. This is indicated by the locations of the vertical lines. As the laser frequency is changed, the region of wavelength match moves.
͑33͒
The Fourier transform of the condensate wave function,
A(p)ϭ͐d
3 r e Ϫip•r/ប N (r), is nonzero for ͉p x ͉Շប/͉␦x͉, ͉p y ͉Շប/͉␦y͉, and ͉p z ͉Շប/͉␦z͉.
The excited states have p z Ϸបk 0 , so we define ␦pϭp z Ϫបk 0 . Because the laser wavelength is small compared to the spatial extent of the condensate, p 2 /2mϷប 2 k 0 2 /2m ϩបk 0 ␦p/m and the spectrum reduces to
͵ dp x dp y ͉A͑ p x xϩp y ŷϩ␦p͑ ͒ẑ͉͒ 2 ,
͑34͒
where
defines the momentum class that is Doppler shifted into resonance. The spectrum is centered at 2hϭE 1S-2S ϩប 2 k 0 2 /2m Ϫ, and the line shape depends on the orientation of the condensate wave function with respect to the laser propagation axis.
For a Thomas-Fermi wave function in a spherically symmetric harmonic trap ͉A(p)͉ 2 ϳ͉ j 2 (pr 0 /ប)/(pr 0 /ប) 2 ͉ 2 ͑Ref.
͓20͔͒, where r 0 ϭ ͱ 2n(0)Ũ /mw 2 . Numerical evaluation of the integral over p x and p y shows that the line shape is approximately given by the power spectrum of the wave function's spatial variation along z, S(2h)ϰ͉A(␦ p()ẑ)͉ 2 . In recent experiments with small angle light scattering ͓35͔, the momentum imparted to atoms is small compared to ͱ2mc s , where c s ϭͱ/m is the speed of Bogoliubov sound.
In this case one can excite quasiparticles in the condensate as opposed to free particles. The theory described in this paper only treats free particle excitation, but Bogoliubov formalism, combined with WKB and static phase approximations, has been used to describe the spectrum for quasiparticle excitation ͓28͔.
IV. DISCUSSION
To make the problem analytically tractable, we have only derived the BEC spectrum for the specific case of a spherically symmetric trap. The trap shape does not appear in the final expressions ͓Eqs. ͑24͒ and ͑32͔͒, however, and with reasonable confidence we can extend the results to any geometry. In the experiment, the trap aspect ratio is as large as 400 to 1, but the data agrees well with this theory. The physical picture of the transition occurring at the classical turning points, and the probabilistic or local density interpretation of the spectrum also support the generalization of Eqs. ͑24͒ and ͑32͒ to
͑37͒
Equations ͑36͒ and ͑37͒ take 4ប 2 ␦a n 1S (r)/m as a local shift of the transition frequency and ascribe the excitation to a small region in space where the laser is resonant. This approach is similar to a quasistatic approximation in standard spectral line-shape theory ͓26͔, which neglects the atomic motion and averages over the distribution of interparticle spacings to find the spectrum. Atom pairs at different separations experience different frequency shifts due to atomatom interactions. This broadens the line.
There are important differences between the theory presented here and the quasistatic approximation, however. For the standard quasistatic treatment to be valid, the lifetime of the excited state should be shorter than a collision time ͓36͔. For a condensate, the classical concept of a collision time is inapplicable. We have shown that Eq. ͑36͒ and ͑37͒ result from a different approximation: neglecting the slow spatial variation of the BEC wave function. Also, for the condensate spectrum, one integrates over atom position in the effective potential, as opposed to integrating over the distribution of atom-atom separations. Finally, the BEC spectral broadening is homogeneous, which is not normally the case when making the quasistatic approximation.
It is interesting that although the atoms in the condensate are delocalized over a region in which the density varies from its maximum value to zero, the rapid oscillation of the excited state wave function essentially localizes the transition ͓Eq. ͑22͒ and ͑B9͔͒. In this way, the excitation probes the condensate wave function spatially.
The description of the BEC spectrum developed here has provided insight into the excitation process and it is general. We have shown that the formalism of transitions between bound states of the effective potentials can be used when either the mean field or Doppler broadening dominates. It can describe a variety of excitation schemes such as twophoton Doppler-free or Doppler sensitive spectroscopy to an excited electronic state, or Bragg diffraction, which leaves the atom in the ground state. 
APPENDIX A: ENERGY FUNCTIONAL FOR THE SYSTEM AFTER LASER EXCITATION
In this appendix, we derive Eq. ͑12͒, the energy functional for the system after excitation which is minimized to find the 2S wave functions.
The Hamiltonian and the excited state vector, ͉⌽ q,i ͘, are defined in Eqs. ͑1͒ and ͑11͒. The symmetry operator is explicitly written as
where the sum runs over the . Of the N(NϪ1)/2 terms in H coll ͓Eq. ͑5͔͒, (NϪq)(NϪqϪ1)/2 of them result in a 1S-1S interaction, (NϪq)q of them result in a 1S-2S interaction, and the rest result in a 2S-2S interaction, which we can neglect. For the 1S-1S terms, only the identity permutation contributes. For the 1S-2S terms two permutations contribute-the identity and switching the labels on the two interacting particles. In this appendix we calculate the Doppler-sensitive overlap integral, Eq. ͑29͒, and simplify Eq. ͑28͒. The derivation is similar to the treatment of Refs. ͓27͔ and ͓28͔.
The overlap integral we must evaluate is
for l even and 0 otherwise.
Because u ⌬,l and j l are rapidly varying compared to ͱn it is useful to express u ⌬,l and j l in phase-amplitude form through a WKB approximation. We define the local wave vectors for u ⌬,l and j l 
Then, in the classically allowed region
are the phases. The inner turning points against the centrifugal barriers are denoted by R T . Note that the approximations are good for (k 0 r)
e f f and ⌬, the functions behave as damped exponentials. The outer turning points are of no concern to the calculation. Now we write
We have used the fact that ͱn(r) varies slowly and have dropped rapidly oscillating terms in the integral. We make the static phase approximation that the overlap integral will only have contributions from the point R ⌬ where the difference in the phase factors is stationary. This point is defined by 0ϭd(␤ u Ϫ␤ j )/dr͉ R ⌬ ϭk u (⌬,l,R ⌬ ) Ϫk j (k 0 ,l,R ⌬ ), which is equivalent to an l-independent relation defining R ⌬ for excitation to states with energy defect ⌬,
This is essentially identical to Eq. ͑22͒ from the calculation of the Doppler-free spectrum. We expand the difference in the phases in a Taylor series around R ⌬ and write the overlap integral as
To obtain the last line we have used the Fresnel integral ͐ Ϫϱ ϱ dx cos(aϩbx We can replace the cos 2 function with its average value of 1/2 because its phase varies rapidly with l. Thus Ϫ⌬ϩ ͪ .
͑B13͒
In the derivation given above, we neglected the variation of the condensate wave function, which is equivalent to neglecting the atomic momentum spread ϳប/␦r, where ␦r is the r extent of the condensate. When mean field effects dominate the spectrum, but the atomic momentum is not completely negligible, the line shape will deviate from Eq.
͑32͒ only for small detunings, ␦Շបk 0 /2m␦r. One can see this from the overlap integral ͓Eq. ͑B8͔͒ by expressing the condensate wave function in terms of the radial Fourier components, A r (p)ϭ͐dr e Ϫipr/ប (r), to obtain I ⌬,l even ϭ Ϫ2ͱ4͑2lϩ1 ͒
2ប
͵ dp A r ͑ p ͒ ͵ dr e 
͑B14͒
Each momentum component will only contribute to the matrix element at the point R ⌬,l,p where the total phase under the r integral in Eq. ͑B14͒ is stationary. This leads to a definition of R ⌬,l,p for each momentum, p/បϭ͉k u (⌬,l,R ⌬,l,p )Ϫk j (k 0 ,l,R ⌬,l,p )͉. When ͉⌬͉ӷប 2 k 0 / m␦r, p/ប is negligible and this yields the same relation as found by neglecting the curvature of the BEC wave function ͓Eq. ͑B9͔͒. This implies S(2h͉␦͉ӷប 2 k 0 /m␦r) is unaffected by the atomic momentum. When ͉⌬͉Շប 2 k 0 /m␦r, the momentum spread in the condensate alters I ⌬,l even . Thus S(2h͉␦͉Շប 2 k 0 /m␦r) will show some Dopplerbroadening because of finite atomic momentum. This effect is negligible for the hydrogen condensate because the cold collision frequency shift (ϳ1 MHz͒ is much greater than the Doppler width resulting from a 5-mm-long condensate wave function (បk 0 /2m␦zϳ100 Hz͒.
